Abstract. We prove the existence of solutions to a differential-functional system which describes a wide class of multi-component populations dependent on their past time and state densities and on their total size. Using two different types of the Hale operator, we incorporate in this model classical von Foerster-type equations as well as delays (past time dependence) and integrals (e.g. influence of a group of species).
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H. Leszczyński and P. Zwierkowski a bounded domain (and unbounded domain with no symmetry, e.g. R n + ) causes superfluous constraints on any functional model. We expect that these functions shall be continuous in (t, x) and summable in x. The process is considered as an evolution For each function w defined on [−τ 0 , a], we have the Hale functional w t (see [10] ), which is the function defined on [−τ 0 , 0] by w t (s) = w(t + s) (s ∈ [−τ 0 , 0]). For each function u defined on E 0 ∪ E, we similarly introduce a Hale-type functional u (t,x) , defined on B by u (t,x) (s, y) = u(t + s, x + y) for (s, y) ∈ B (see [13] ). Let 
. , n).
We consider the system of differential-functional equations
with the initial conditions
We are looking for Carathéodory's solutions to (1)-(3) (see [4, 5] ). The functional dependence includes a possible delayed and integral dependence of the Volterra type. The Hale functional z [u] t takes into consideration the whole population within the time interval [t − τ 0 , t], whereas the Hale-type functional u (t,x) shows the dependence on the density u = (u 1 , . . . , u m ) locally in a neighbourhood of (t, x). In particular, our results generalize [4, 5] . Observe that the functional dependence demands some initial data on a "thick" initial set E 0 , which means that a complicated ecological niche must be observed for some time and (perhaps) in some space in order to determine and predict its further evolution. 
The paper is organized as follows:
(i) first, we analyse existence and key properties of bicharacteristics; (ii) we write a solution of problem (1), (3) along bicharacteristics, for a given function z, which belongs to a given class under natural assumptions on the data; (iii) next, considering solutions along those bicharacteristics, we get an integral fixed point equation; (iv) we state the existence of solutions in a closed subset of functions, generated by a priori estimates.
Bicharacteristics. Set
, we consider the bicharacteristic equations for problem (1), (3):
Denote by
the ith bicharacteristic curve passing through (t, x) ∈ E, i.e., the solution to problem (4) . Next, we consider the equation
with the initial condition (1)
, where
. Remark 1.1. Continuity in t in the above assumptions can be weakend to local Lebesgue integrability in t, i.e., typical Carathéodory conditions. ([−τ 0 , a] , R m + ), the right-hand side in (4) satisfies the local Lipschitz condition in x, then there exists a unique solution to (4). This is also valid for (5) if the function λ i is locally Lipschitz in w (see [3, 11, 12] ).
Proof. Define
By the Liouville theorem, it follows from (4) that
Applying this to the integral v i (t) together with (C1), we get
Lemma 1.2. If u is a solution of (5) and Assumptions
Proof. Due to (Λ1), the solution of problem (5) is given by the formula
where η i (s) = η i (s; t, x)). Since v i (0, x) ≥ 0, it follows that u i (t, x) ≥ 0 for i = 1, . . . , m and (t, x) ∈ E.
The fixed point equation.
In order to prove the existence for problem (1)-(3) we apply Schauder's fixed point theorem. We define a convex, 206 H. Leszczyński and P. Zwierkowski closed set and an integral operator for which we show the existence of a fixed point. This will be preceded by three auxiliary lemmas. Define
Consider the operator T : Z → Z given by
where u ∈ C 1 (B, R m + ) is the solution of (5). By Lemma 1.2 we write (10) as (11) for t ≥ 0, where η i (s) = η i [z](s; t, x). Notice that the bicharacteristics have the following group property:
that is, any ith bicharacteristic curve passing through (0, y) and (t, x) has the same value at all s ∈ [0, a].
The change of variables y = η i [z](0; t, x) and the Liouville theorem show that the Jacobian J = det[∂c i /∂x] is given by the formula
Hence we can write (11) in the form (12) where η i (s) = η i [z](s; 0, y).
Proof. This follows directly from (12) and the assumptions. 
. From Assumptions (V1) and (W1) we obtain
Using the mean value theorem, we get the equality
Taking into consideration the last two relations, we obtain the estimate Proof. Take z, z ∈ Z. We shall show that
By the change of variables y = η i [z](0; t, x) and y = η i [z](0; t, x), respectively, we obtain
As in the proof of Lemma 2.2, we have
The mean value theorem yields the estimate
By the continuity Assumptions (C0), (Λ0) and Lebesgue's dominated convergence theorem, the difference
Now we show that the operator (10) has a fixed point. Proof. Notice that the set Z is nonempty, closed, bounded and convex. Lemmas 2.1 and 2.3 show that T is a continuous operator that maps Z to Z. By Lemma 2.2 and the Ascoli-Arzelà theorem (see [2] ) the range T (Z) is relatively compact. Hence, by Schauder's theorem (see [23] ), T has a fixed point.
Remark 2.1. By the properties of the bicharacteristics and from Theorem 2.1, it follows that problem (1)-(3) has at least one solution.
We give two additional assumptions and formulate a uniqueness statement (without proof). 
